Abstract. We analyse infinitesimal deformations of pairs (X, F) with F a coherent sheaf on a smooth projective variety X over an algebraically closed field of characteristic 0. We describe a differential graded Lie algebra controlling the deformation problem, and we prove an analog of a Mukai-Artamkin Theorem about the trace map.
Introduction
Let F be a coherent sheaf on a smooth projective variety X over an algebraically closed field of characteristic 0; in particular F admits a finite locally free resolution. Then, it is defined the sheaf trace morphism Moreover, since we are in characteristic 0, the Picard functor is unobstructed and this allows to prove that Tr 2 annihilates all the obstructions to deformations of F. As a consequence, we have the following well known result. Theorem 1.1 (Mukai-Artamkin [1, 22] ). In the above situation, if Tr 2 is injective, then the deformation functor Def F is unobstructed. If Tr 1 is surjective and Tr 2 is injective, then the natural transformation Def F → Def det F is smooth.
In their papers, Mukai and Artamkin assume that F is simple, however it is immediate to see that this assumption is used only for the pro-representability of the functor Def F , and hence for the existence of the universal deformation of F, while the proof of the smoothness of the semiuniversal deformation works also without the simpleness assumption.
One of the main goal of this paper is to extend the previous result to the case of infinitesimal deformations of pairs (X, F), consisting of deformations of both the variety X and the coherent sheaf F.
As a first result, we describe a well defined homotopy class of differential graded Lie algebras associated with the deformations of the pair (X, F).
For every quasi-coherent sheaf of DG-Lie algebras L * on an algebraic variety X it is defined, up to homotopy equivalence, the DG-Lie algebras of derived sections RΓ(X, L * ) and we shall say that a deformation problem is controlled by L * if it is controlled in the usual way by the DG-Lie algebra RΓ(X, L * ). A canonical representative for RΓ(X, L * ) is given by the totalization, in the simplicially enriched model category of DG-Lie algebras, of the cosimplicial space ofČech cochains of L * , with respect to any open affine cover of X, see Section 6.
For a coherent sheaf F on a projective smooth variety X, it is known that the deformations of F are controlled by the sheaf of DG-Lie algebra of endomorphisms of any finite locally free resolution of F [6] .
It is also known that if E is a locally free sheaf on a smooth variety X, then the deformations of the pair (X, E) are controlled by the sheaf of Lie algebra of first order differential operators on E with principal symbol [13, 20, 25] . For a general coherent sheaf F, the sheaf of differential operators on F is equally well defined [9, Section 16.8] but, in general, it is not the right object controlling the deformations of pairs.
Therefore, we first introduce the right algebraic object associated with the deformation problem: we shall call this object the module of derivations of pairs. It extends the sheaf of differential operators on F, involving a finite locally free resolution of F. This allows us to define a coherent sheaf of DG-Lie algebras over X controlling the deformations of the pair (X, F) (Theorem 7.11).
In particular, the cohomology groups T i (X,F) of the associated DG-Lie algebra fits into a long exact sequence:
where Θ X denotes the tangent sheaf of X. In particular, we recover the well known fact that if Ext 2 X (F, F) = 0, then the natural transformation Def (X,F) → Def X is smooth, since it is surjective on tangent spaces (T 1 (X,F) → H 1 (X, Θ X )) and injective on obstruction spaces (T 2 (X,F) → H 2 (X, Θ X )). Then, we devote our attention to the natural transformations Def (X,F) → Def (X,det F) → Def X .
In particular, we describe an extension of the trace maps to the DG-Lie algebra of differential operators with principal symbol (Theorem 5.6).
Finally, we are able to prove the following result (Theorem 7.16), which is the analog of Theorem 1.1, for deformations of pairs. Theorem 1.2. Let F be a coherent sheaf on a projective smooth variety X defined over an algebraically closed field of characteristic 0. Consider the trace maps Tr i : Ext
(1) if the map Tr 1 is surjective and the map Tr 2 is injective, then the natural transformation Def (X,F) → Def (X,det F) is smooth; (2) if Tr 2 is injective and Def (X,det F) is unobstructed, then Def (X,F) is unobstructed; (3) if H 0 (X, Θ X ) = 0 and Ext 0 X (F, F) = K (e.g., if F is simple), then Def (X,F) is pro-representable.
For instance if F is a simple coherent sheaf [22, p. 101] of positive rank over a surface S with trivial canonical bundle, then Tr 1 is surjective, Tr 2 is injective and therefore the natural transformation Def (X,F) → Def (X,det F) is smooth. When F is locally free, Theorem 1.2 was already proved in [13] by using transcendental methods, and hence over the field of complex numbers.
Our proof of Theorem 1.2 is almost entirely algebraic and it relies on the the explicit description of a DG-Lie algebra controlling the deformations of the pair (X, F) and the extension of the trace maps.
Another derived extension of the determinant map was introduced in [24] from the derived stack of perfect complex to derived stack of line bundle.
The paper goes as follows. The first sections of this paper are devoted to the introduction and the study of the first properties of the module of derivations of pairs; we prove that it behaves very well with respect to all the canonical constructions, injective and projective resolutions, de Rham complexes and Fitting stratifications. In Section 5 , we define a coherent sheaf of DG-Lie algebras associated with derivations of pairs and the extension of the trace map (Theorem 5.6), that generalises the classical one given in (1.1). Section 6 is included for readers's convenience: here we review the relevant notions on deformation functors associated with a differential graded Lie algebras and with a semicosimplicial DGLie algebras. In Section 7, we analyse the infinitesimal deformations of pairs, describing the DG-Lie algebra that controls these deformations (Theorem 7.11) and we prove the main theorem (Theorem 1.2) about the trace map (Theorem 7.16).
Derivations and automorphisms of pairs
Let A → R be a morphism of unitary commutative rings and M, N two R-modules. We shall denote by Hom A (M, N ) (resp.: Hom R (M, N )) the R-module of A-linear (resp.: R-linear) maps M → N : the R-module structure on Hom A (M, N ) is induced by the Rmodule structure on N . We shall denote by Der A (R, N ) = Hom R (Ω R/A , N ) the R-module of A-linear derivations R → N . We shall refer to the R-module R ⊕ M as the trivial extension whenever R ⊕ M is considered as a commutative ring equipped with the product (r, m)(s, n) = (rs, rn + sm), see e.g., [25, p.10] .
Definition 2.1. Let A → R be a morphism of unitary commutative rings and M an R-module. The R-module of A-derivations of the pair (R, M ) is defined as
Remark 2.2. In the setup of the above definition:
(1) if r 1 , r 2 , . . . ∈ R generate R as an A-algebra and m 1 , m 2 , . . .
Lemma 2.3. There exists an exact sequence of R-modules
where the R-module structure on the derivations of the trivial extension R ⊕ M is induced by the inclusion R → R ⊕ M .
Proof. Every element of Hom
and then there exists a natural isomorphism of R-modules
derivation, then b is R-linear and c is a derivation. It also easy to prove that the image of Φ is
Lemma 2.4. In the setup of Definition 2.1, let us denote by
(1) if M is a faithful module, i.e., if ann(M ) = 0, then q is injective and its image is the submodule of differential operators of first order with principal symbol; (2) there exists an exact sequence of R-modules
Proof. The only nontrivial statement is the one concerning the image of q. Recall that a morphism v ∈ Hom A (M, M ) is a differential operator of first order if for every r ∈ R the map
is a morphism of R-modules. In this case the symbol σ(v) is defined as the map
and it is called principal if σ(v)(r) is a scalar multiple of the identity for every r ∈ R. Notice that the symbol σ(v) is an A-derivation, since for every r, s ∈ R we have
of the projection on the first factor is called the anchor map of the pair. It is plain that D A (R, M ) is a Lie subalgebra of Der A (R, R) × Hom A (M, M ) and we have the relation
called Poisson identity. Keep attention to the fact that the bracket on Der A (R, R), and then on D A (R, M ), is bilinear over A and not over R.
Example 2.5 (Lie derivative). Let A → R be a morphism of unitary commutative rings.
Recall that we may define the module of Kähler differentials as Ω R/A = I/I 2 , where I is the kernel of the multiplication map R ⊗ A R → R, the differential dx is the class of
2 and the R-module structure is induced by the morphism of A-algebras R → R ⊗ A R, r → r ⊗ 1, see e.g., [21, Section 25] . For every h ∈ Der A (R, R) we define L h : I/I 2 → I/I 2 as the factorization to the quotient of the derivation
) is trivially satisfied. For every r, s, x ∈ R, we have
, where M • is a diagram of R-modules over a small category I. Here we are mainly interested in two cases. The former is when I is just a set, a diagram of R-modules is just a collection {M i }, i ∈ I, and D A (R, M • ) is the limit of the diagram of anchor maps α :
The latter is when
, and f u 1 = u 2 f . Therefore, there exists an exact sequence of R-modules
Lemma 2.6. Let A → R be a morphism of unitary commutative rings and M, N two R-modules. Then, we have two natural R-linear morphisms of Lie algebras:
Proof. Straightforward. Notice that u ⊗ R Id N + Id M ⊗ R v is well defined, although u, v are not R-linear and the two addends u ⊗ R Id N , Id M ⊗ R v are not defined. Similarly vf − f u is a morphism of R-modules, although vf and f u are only A-linear.
As a particular case of Lemma 2.6 we obtain a natural R-linear morphisms of Lie algebras (the transpose)
, n ≥ 0, uniquely determined by the formulas:
The Leibniz extension is properly defined: by the universal property of wedge products, the Formula (2.5) defines a sequence of A-linear maps
A M by the A-submodule H generated by all the elements m 1 ∧· · ·∧rm i ∧m i+1 ∧· · ·∧m n −m 1 ∧· · ·∧m i ∧rm i+1 ∧· · ·∧m n , r ∈ R, m j ∈ M, 0 < i < n , and it is immediate to verify thatũ n (H) ⊂ H and then that (h,ũ n ) factors to a derivation of pair (h, u n ) ∈ D A (R, ∧ n R M ). The Leibniz extension is functorial in the following sense: given a morphism of R-modules f :
Moreover, for every n, the map
is a morphism of Lie algebras. This follows immediately from the fact that, for every
) the trace of (h, u). The name trace is motivated by the fact that if h = 0, i.e., if u ∈ Hom R (M, M ), then u n is the multiplication by the trace of u.
Automorphisms of pairs. Let A → R be a morphism of commutative unitary rings and let M be an R-module. We shall denote by Aut A (R) the group of A-linear automorphisms of R, i.e., the automorphism group of the A-algebra R, and by Aut A (M ) (resp.: Aut R (M )) the group of A-linear (resp.: R-linear) automorphisms of M . 
Let R ⊕ M be the trivial extension of R by M . As in the proof of Lemma 2.3, there exists a natural inclusion
and it is immediate to see that an element of Hom A (R, R) × Hom A (M, M ) is an automorphism of the pair (R, M ) if and only if it is an automorphism of the A-algebra R ⊕ M .
The analog of the anchor map is the group homomorphism
There exists the analog of Lemma 2.6 and of the Leibniz extension for automorphisms of pairs. It is straightforward to verify that there exist two natural group homomorphisms
If M is free of rank n, we write (θ, φ n ) = det(θ, φ): when θ = Id we recover the usual notion of the determinant of a R-linear endomorphism. Assume now that A contains the field Q of rational numbers and let
preserves the direct sum decomposition R ⊕ M and then
It is plain that the exponential commutes with the anchor maps and the usual properties of the exponential imply that exp commutes with the morphisms (2.3) and (2.6). The exponential also commutes with Leibniz extensions of derivations and automorphisms: this is immediate from the previous remark since the assumption Q ⊂ A implies that n R M is a direct summand of n R M . In particular, the exponential of the trace is the determinant of the exponential.
Lemma 2.10. Let R be a commutative unitary algebra over a field K of characteristic 0, and let M be an R-module. Then, for every local Artin K -algebra A with residue field K , the group exp(D K (R, M )⊗m A ) is naturally isomorphic to the group of A-linear automorphisms of the pair (R ⊗ A, M ⊗ A) lifting the identity on (R, M ).
Proof. We have already noticed that via the diagonal inclusion
is a K -linear derivation (resp.: automorphism) of the pair (R, M ) if and only if it is a K -linear derivation (resp.: automorphism) of the trivial extension R ⊕ M . Thus, the lemma is an immediate consequence of the well known fact (see e.g. [17, Proposition 5.44] ) that for every commutative unitary K -algebra S, the group exp(Der K (S, S) ⊗ m A ) is naturally isomorphic to the group of A-linear automorphisms of S ⊗ A lifting the identity on S.
Lifting to resolutions
Throughout this section, A → R is a fixed morphism of unitary commutative rings. For every (h, u) ∈ D A (R, M ) the derivation h preserves the annihilator of M : in fact, if r ∈ R and rm = 0 for every m ∈ M , then also h(r)m = u(rm) − ru(m) = 0, for every m ∈ M .
The above consideration shows that in general the anchor map α :
is not surjective. For instance, if M = R/I, with I an ideal of R, then the image of α is the submodule of derivations preserving the ideal I: if (h, u) ∈ D A (R, M ) we have seen that h preserves the annihilator of M , which is precisely the ideal I. Conversely, any derivation h ∈ Der A (R, R) has a canonical lifting (h, h) ∈ D A (R, R), and if h(I) ⊂ I, then (h, h) factors to an element of D A (R, M ).
Lemma 3.1. In the above setup, if f : P → M is a surjective morphism of R-modules with P projective, then every
(1) every derivation of pairs lifts to any projective resolution; (2) if P is a projective R-module, then the anchor map α :
Proof. Consider first the case when P is a free R-module with basis {e i }. Choosing elements
has the required properties. If P is not free, since every projective module is a direct summand of a free module, there exist a free module F together with two morphisms
we have (h, 0) ∈ D A (R, 0) and the above computation gives the surjectivity of the anchor map α :
Lemma 3.2. In the above setup, if g : M → J is an injective morphism of R-modules with
In particular:
(1) every derivation of pairs extends to any injective resolution;
Proof. Let q : J → I be an injective morphism with I injective as an A-module, then the composition qg : M → J → I is also injective. Consider the R-module Hom A (R, I), where the R-module structure is given by (tψ)(r) = ψ(tr), for any t, r ∈ R and any ψ ∈ Hom A (R, I). Then, the map
is an injective R-linear morphism. Since J is injective as R-module, there exists a splitting γ : Hom A (R, I) → J, such that γβ = Id J . Let (h, u) ∈ D A (R, M ) be a fixed derivation of the pair; since I is injective as A-module and u is a morphism of A-modules, there exists a morphism w ∈ Hom A (I, I) such that wqg = qgu:
Consider now the map w h :
for any t, r ∈ R; indeed, we have:
Then, we prove that (h, w h ) extends (h, u), i.e., βgu = w h βg. For every r ∈ R and every m ∈ M , we have
Finally, it is sufficient to take (h, v) = (h, γw h β) ∈ D A (R, J). Item (1) is now clear and item (2) follows by considering the injective morphism 0 → J.
be a short exact sequence of projective R-modules, and denote by
Then, the natural morphisms of Lie algebras
Proof. Since βα = 0, the morphism p is properly defined and it is surjective because M is projective, P ≃ K ⊕ M and therefore
is given by Lemma 3.1 and therefore also the anchor map α : L → Der A (R, R) is surjective. The third exact sequence follows by the snake lemma applied to the commutative diagram
Consider now a morphism of commutative unitary rings A → R and a cochain complex
as in Definition 2.1, by replacing Hom A (M, M ) with the module of morphisms of cochain complexes of A-modules; equivalently D A (R, C) is defined considering C as a diagram of R-modules over the ordered set Z.
However, for the application we have in mind, it is more convenient to consider the DG-Lie subalgebra
For the definition and the main properties of Der * A (R, R) and Hom * A (C, C) the reader may consult e.g., [ 
. In order to extend Lemma 3.1 and Corollary 3.3 to the differential graded case it is useful to work in the projective model structure on the category of unbounded cochain complexes [12, Theorem 2.3.11] : with respect to this model structure, a morphism of cochain complexes M → N is a weak-equivalence if it is a quasi-isomorphism, it is a fibration if it is degreewise surjective, it is a cofibration if it has the left lifting property with respect to all the trivial fibrations. Moreover, if M → N is a cofibration, then for every i the map M i → N i is split injective with projective cokernel; the converse holds whenever N is bounded above.
In particular, for every cofibrant complex P , since P i is projective for every i, there exists a short exact sequence
Proposition 3.4. Let f : K → P be a trivial cofibration between cofibrant complexes of R-modules. Then, the two natural DG-Lie algebra morphisms
are quasi-isomorphisms of complexes of R-modules. In particular, D * A (R, K) and D * A (R, P ) are quasi-isomorphic DG-Lie algebras.
Proof. By assumption f is a cofibration and then we have a short exact sequence of cofibrant
i are projective modules for every i, Corollary 3.3 gives two short exact sequences of complexes 
In fact Ext
is surjective; its kernel is given by the R-linear morphisms of complexes P → P inducing the trivial map on M . Since P is a projective resolution, these morphisms are exactly the ones homotopic to 0, and then there exists a natural isomorphism
R (M, M ) = 0 for i < 0, the above equality is completely equivalent to the long exact sequence
Anchor invariance of Fitting ideals
The content of this section is not relevant for the remaining part of the paper and it is written as an application of the previous results that we consider of independent interest.
Let A → R be a morphism of unitary commutative rings and M an R-module. We have seen that, unless M is either projective or injective, the anchor map
Proof. Recall (see [4, 26] ) that the Fitting ideals of M , Fitt 0 (M ) ⊂ Fitt 1 (M ) ⊂ · · · ⊂ R, are defined by considering any free resolution 
and then
proving that h(a i ) ∈ I for every i. As regard the invariance of the Fitting ideals Fitt m−r (M ) for r > 1, it is sufficient to repeat the above argument to the maps f ∧r : ∧ [10] ). Let A be a commutative ring and R a finitely generated commutative A-algebra. Then, every A-derivation of R preserves the Fitting ideals of Ω R/A .
More generally, taking the Leibniz extension of the Lie derivative we also obtain that every A-derivation of R preserves the Fitting ideals of ∧ n R Ω R/A for every n. Notice also that the Leibniz extension of the Lie derivative commutes with the de Rham differential.
Example 4.4. Assume that R is a principal ideal domain and that M is a finitely generated R-module. Then, a derivation h ∈ Der A (R, R) lifts to D A (R, M ) if and only if h preserves the Fitting ideals of M . In fact, we have a cyclic decomposition
and therefore the Fitting ideals are
Assume that h preserves all the Fitting ideals, then h(a i ) ∈ (a i ) for every i; this is clear if either i = 1 or a i = 0, while for i > 1 and a i = 0 we have
gives a derivation of pair (h, u).
Coherent sheaves of DG-Lie algebras and trace maps
Assume now that X → Spec A is a scheme over A, and denote by
the relative tangent sheaf. Given a sheaf F of O X -modules, we can define D A (X, F) as the subsheaf of Θ X/A × Hom A (F, F) of all the elements satisfying the same condition of Definition 2.1. Similarly, for every morphism f : F → G of sheaves of O X -modules we can define the sheaf D A (X, F f − → G), for instance by the exact sequence:
If F is coherent and p : Y → X is the affine morphism of schemes such that p * O Y = O X ⊕ F, see e.g., [11, Exercise II.5.17], then by Lemma 2.3 we have an exact sequence of sheaves of O X -modules
Proposition 5.1. In the above situation, if A is noetherian, X of finite type over A and 
Proof. According to the above assumptions, the scheme Y is also of finite type over A and the morphism p is finite. In particular, both Ω X/A and p * Θ Y /A are coherent sheaves and so D A (X, F) is coherent, being the kernel of a morphism of coherent sheaves. Given an open affine subset U ⊂ X, the proof that the natural map − −−− → L inducing a structure of Lie algebra over A on every stalk of L. Note that the bracket is not O X -linear, so this is not the same structure as a Lie algebra in the monoidal category of quasi coherent module. A morphism of (quasi)coherent sheaves of Lie algebras is a morphism of sheaves of O X -modules commuting with the brackets.
For instance, if F is a coherent sheaf on X, then the anchor map α : D A (X, F) → Θ X/A is a morphism of coherent sheaves of Lie algebras over X/A. If F → G is a morphism of coherent sheaves, then the natural maps (
A morphism of differential graded Lie algebras χ : L → M is a morphism of cochain complexes that commutes with brackets. Example 5.5. Let X → Spec A be a noetherian scheme over a noetherian ring A, and let E * be a bounded complex of coherent sheaves of O X -modules. For every index i, the sheaf
is coherent and then Hom * OX (E * , E * ) is a coherent sheaf of DG-Lie algebras. As in Section 3, we can define the complex of O X -modules D * A (X, E * ) as the subsheaf of
, whose elements are the pairs (h, u) such that
For every i = 0 we have
is a coherent sheaf of DG-Lie algebras and there exists a short exact sequence of coherent sheaves of DG-Lie algebras over X/A:
According to Lemma 3.1, the anchor map D * A (X, E * ) α − − → Θ X/A is surjective whenever every sheaf E j is locally free. Analogously to Remark 5.1, for every open affine subset U ⊂ X, we have:
It is well known that for every bounded complex E * of locally free sheaves we can define the trace map
which is a surjective morphism of complexes of coherent sheaves: given f ∈ Hom i OX (E * , E * ) then Tr(f ) = 0 for i = 0; if i = 0, then f is the datum of a finite sequence of morphisms of locally free sheaves f j : E j → E j , and
where Tr : and g ∈ Hom j OX (E * , E * ). This is clear if i + j = 0, and so it is not restrictive to assume i = −j. Since the trace is O X -linear, we can reduce this fact to the following statement of linear algebra: let V i , i ∈ Z, be a sequence of finite dimensional vector spaces, with V i = 0 for at most finitely many indices i. Then for every integer p and any two sequences
of linear maps, we have
In fact, by a basic fact of linear algebra we have Tr(f i−p g i ) = Tr(g i f i−p ) for every i, and then
Denoting by Hom * OX (E * , E * ) 0 the sheaf of traceless endomorphisms of E * , i.e., the kernel of (5.4), and by Ext i X (F, F) 0 its hypercohomology groups, there exists a long exact sequence
By the results of Section 2, we can extend the trace map Tr :
Assume that the finite complex E * is nonzero only for degree between n and m, then by definition, an element of D 0 A (X, E * ) is given by a sequence (h, u n , . . . , u m ) where h ∈ Der A (O X , O X ) and (h, u i ) ∈ D A (X, E i ) for every i. Taking the trace of every pair (h, u i ) (Definition 2.8) we obtain a finite sequence of derivations of pairs
Then, for every odd index i we consider the transpose (2.4)
we may apply the Lie morphism Φ of Lemma 2.6 in order to obtain an element Tr(h,
. It is now clear that, with a finite number of constructions as above, we have a well defined element
Moreover, we have also proved that all the above considered maps
are morphisms of sheaves of Lie algebras. Keeping in mind that
we can glue together (5.6) and (5.4) and obtain a morphism of sheaves of DG-Lie algebras
The following theorem is now clear.
Theorem 5.6. For every bounded complex of locally free sheaves E * on a scheme X of finite type over a noetherian ring A, there exists a commutative diagram of morphisms of coherent sheaves of DG-Lie algebras
A short review of deformation theory via DG-Lie algebras
The main references for this section are [6, 8, 17, 18, 19] . From this section, and throughout the rest of the paper, we work over a fixed algebraically closed field K of characteristic zero. We denote by Set the category of sets and by Art K the category of Artin local Kalgebras with residue field K , and by DGLA = DGLA K the category of DG-Lie algebras over K . Unless otherwise specified, for every local algebra A ∈ Art K , we denote by m A its maximal ideal.
Given a DG-Lie algebra L over K , we can define two functors of Artin rings. The MaurerCartan functor MC L : Art K → Set is defined by:
where the DG-Lie structure on L ⊗ m A is obtained by scalar extension from the DG-Lie structure on L. The deformation functor Def L : Art K −→ Set is:
where the gauge action * :
A quasi-isomorphism of DG-Lie algebras is a morphism that induces an isomorphism in cohomology. Two DG-Lie algebras L and M are said to be quasi-isomorphic, or homotopy equivalent, if they are equivalent under the equivalence relation generated by quasiisomorphisms.
By standard facts about deformation functors [18, 19] , it is known that the tangent space to Def L is isomorphic to H 1 (L) and that H 2 (L) is an obstruction space. 
Lemma 6.2. Let L be a DG-Lie algebra over a field of characteristic 0 with H 1 (L) finite dimensional. If the natural map Let ∆ mon be the category whose objects are finite ordinal sets and whose morphisms are order-preserving injective maps between them. A semicosimplicial differential graded Lie algebra is a covariant functor ∆ mon → DGLA. Equivalently, a semicosimplicial DG-Lie algebra g ∆ is a diagram
where each g i is a DG-Lie algebra, and for each i > 0, there are i + 1 morphisms of DG-Lie algebras
Here we use the non-standard notation of lower indexes for a semicosimplicial object, since the upper indexes are already used to denote degrees. We denote by Tot(g ∆ ) the image of a semicosimplicial differential graded Lie algebra g ∆ via the Thom-Whitney totalization functor Tot : DGLA ∆mon → DGLA.
We refer to [3, Section2] , [6, Section 3.2], [7, Section 3] and [15, Section 3] for an explicit description of the DG-Lie algebra Tot(g ∆ ) and its properties. Here, we remind only that there exists a quasi-isomorphism of complexes of vector spaces between Tot(g ∆ ) and the total complex associated with the cochain complex C(g ∆ ) (considering any g ∆ as a semicosimplicial object in the abelian category of DG-vector spaces). As a consequence of this fact, if f : g ∆ → h ∆ is a morphism of semicosimplicial differential graded Lie algebras such that f : g i → h i is a quasi-isomorphism of DG-Lie algebras for every i, then the image Tot(f ) : Tot(g ∆ ) → Tot(h ∆ ) is a quasi-isomorphism. Considering the DG-Lie algebra Tot(g ∆ ), we can naturally associate with any semicosimplicial DG-Lie algebra g ∆ the functor of Artin rings Def Tot(g ∆ ) : Art K → Set. According to [6, Definition 3.1 and Definition 3.3], we can also associate with g ∆ two other functors of Artin rings. The former 
Theorem 6.3. Let g ∆ be a semicosimplicial DG-Lie algebra such that H j (g i ) = 0 for all i ≥ 0 and j < 0. Then, there exists an isomorphism of functors of Artin rings
. Let L be a (quasi) coherent sheaf of DG-Lie algebras over an algebraic variety X. Suppose that, for an open affine cover U of X (and so for all), the DG-Lie algebra Tot(U, L) controls a given deformation problem, then we also say that L controls the deformation problem. Note that in this case H 1 (X, L) is the tangent space and H 2 (X, L) is an obstructions space for the controlled deformation problem.
Deformations of pairs (scheme, coherent sheaf)
From now on, unless otherwise specified, we denote by X a scheme of finite type over the field K . Definition 7.1. Let F be a coherent sheaf on X. An infinitesimal deformation of the pair (X, F) over A ∈ Art K is the data (X A , F A ) where:
• X A is an infinitesimal deformation of X over A, i.e., a pull-back diagram
where π is flat; • F A is a coherent sheaf of O XA -modules on X A , flat over A and a morphism F A → F, inducing an isomorphism We recall that the trivial infinitesimal deformation of (X, F) over A ∈ Art K is given by the pair (X × Spec A,
An infinitesimal deformation of (X, F) is locally trivial, if it is locally, in X, isomorphic to the trivial infinitesimal deformation. Remark 7.4. If X is a smooth variety, then any infinitesimal deformation of X is locally trivial. If F is a locally free sheaf over a variety X then any infinitesimal deformation of the sheaf is locally trivial. Then, there exists an isomorphism of functors Def lt (X,F) ∼ = Def (X,F) , for a locally free sheaf F on a smooth variety X.
Locally trivial infinitesimal deformations.
Let us analyse the data that define a locally trivial infinitesimal deformation (X A , F A ) of (X, F) over A. Let U = {U i } i∈I be an affine open cover of X. The deformation X A of X is trivial over every affine open subset; thus for any i ∈ I there exists an isomorphism
On every U i × Spec A, we have the sheaf F |Ui ⊗ A of O X (U i ) ⊗ A-modules. Since α i is an isomorphism, we can view F |Ui ⊗ A as a sheaf of O XA (U i )-modules; the O XA (U i )-modules structure on F |Ui ⊗ A is given by: s · x = α i −1 (s)x, for any s ∈ O XA (U i ) and x ∈ F |Ui ⊗ A. To give a locally trivial deformation F A of the sheaf F over X A , we need to glue the sheaves F |Ui ⊗ A of O XA (U i )-modules over double intersections. The isomorphisms
induce a structure of sheaf of O XA (U ij )-module on the sheaves F |Ui ⊗ A |Uij and F |Ui ⊗ A |Uij , respectively. To glue these sheaves, we need an isomorphism ψ ij :
. By the explicit definition of O XA (U ij )-modules structures, we have
Therefore, the linearity reads as follows
In conclusion, in order to define a locally trivial infinitesimal deformation of (X, F) over A, it is enough to give, for any U ij , an automorphism θ ij = α j −1 |Uij α i|U ij of O X (U ij ) ⊗ A, satisfying the cocycle condition on the triple intersections, an automorphism ψ ij ∈ Hom K (F |Uij ⊗ A, F |Uij ⊗ A) satisfying the cocycle condition on the triple intersections and such that ψ ij (tx) = θ ij (t)(x), for any t ∈ O X (U ij ) ⊗ A and x ∈ F |Uij ⊗ A.
Since we are in characteristic zero, according to Lemma 2.10, we can take the logarithm and conclude that (θ ij , ψ ij ) = e xij , where x ij ∈ D K (X, F)(U ij ) ⊗ m A ; the condition of gluing on triple intersections is equivalent to
As regard the isomorphisms, suppose that (X A , F A ) and (X ′ A , F ′ A ) are locally trivial isomorphic infinitesimal deformations of the pair (X, F) over A. Then, there exist an isomorphism of deformations f : X A → X ′ A and an isomorphism φ :
Let U = {U i } i∈I be an affine open cover of X. Then, for each i ∈ I, there exists an induced automorphism of O X (U i ) ⊗ A:
|Ui α i and so on U ij we have (α
this implies
are the automorphisms of O X (U ij )⊗ A corresponding to the deformations X A and X ′ A , respectively. As regards the sheaves, φ Ui :
is an isomorphism of O XA (U i )-modules, for any i. The structure of O XA -modules on F A|U i is given by α i , while the structure on
. Therefore, φ Ui has to satisfy φ Ui (sx) = sφ Ui (x), for all s ∈ O XA (U i ), where
Since α i is an isomorphism, there exists t ∈ O X (U i ) ⊗ A such that s = α i (t). Therefore, we have
-modules corresponding to the deformations F A and F ′ A , respectively; then, the following diagram has to commute: 
Since we are in characteristic zero, according to Lemma 2.10, we can take the logarithms and write (b i , φ i ) = e ai , where a i ∈ D K (X, F)(U i )⊗m A . The condition of gluing is equivalent to e −ai e xij e aj = e x ′ ij , where {e xij = (θ ij , ψ ij )} and {e
}. Theorem 7.5. Let F be a coherent sheaf on a scheme X of finite type over the field K . Then, the coherent sheaf of Lie algebras D K (X, F) controls the problem of locally trivial infinitesimal deformations of the pair (X, F).
Proof. According to Definition 6.6, we have to prove that for any affine open cover U = {U i } of X, there exists an isomorphism of functors of Artin rings
This follows from the previous consideration and from the explicit description of the functor Def Tot(U,D K (X,F)) given in Remark 6.4: for every A ∈ Art K , we have
∼ , where x ∼ y if and only if there exists {a i } ∈ i D K (X, F)(U i )⊗m A , such that e −ai |U ij e xij e aj |U ij = e yij .
Example 7.6. Let Z be a closed subscheme of an algebraic scheme X and denote by Θ X (− log Z) ⊂ Θ X be the subsheaf of tangent vector fields that are tangent to Z. It is known that the sheaf of Lie algebras Θ X (− log Z) controls the locally trivial infinitesimal deformations of the pair (X, Z) [14] . By the same argument used at the beginning of Section 3, we have two morphisms of sheaves of Lie algebras
Indeed, the image of the anchor map α preserves the annihilator of the sheaf O Z and conversely every derivation h preserving the ideal sheaf of Z induces a derivation of pair (h, h).
The geometrical interpretation of these morphisms is clear: the morphism ∆ controls the natural transformation that associates with a locally trivial deformation of (X, Z) the corresponding locally trivial deformation of (X, O Z ). The anchor map α associates with a locally trivial deformation of the pair (X, O Z ) the corresponding locally trivial deformation of (X, Supp O Z ).
7.2. Infinitesimal deformations. Next, we analyse all the infinitesimal deformations of a pair (X, F). We assume that X is smooth and projective, so that every infinitesimal deformation of X is locally trivial and every coherent sheaf on X has a finite locally free resolution.
Let E * → F be a finite locally free resolution of F, i.e., an exact sequence
where E j is a locally free sheaf, for any j. According to Example 5.5, we can consider the sheaf of DG-Lie algebras D * K (X, E * ) associated with the complex E * .
Lemma 7.7. Let F be a coherent sheaf on a smooth projective variety X and f : E * → F and g : G * → F two finite locally free resolutions of F. Then, for any open affine cover U = {U i } of X, the DG-Lie algebras Tot(U, D with K , i.e., any deformation M A of M over A corresponds to a deformed complex (E * ⊗ A, d A ) and any of these complexes is of the form (E
A of R ⊗ A-modules. In particular, the isomorphism of the modules lifts to an isomorphism of the deformed complexes and vice versa. Then, an isomorphism is given by a pair (θ, ψ) where θ : R ⊗ A → R⊗A is an isomorphism that lifts the identity of R and ψ : (E * ⊗A, d+x) → (E * ⊗A, d+x ′ ) is an isomorphism, lifting the identity, such that ψ(rm) = θ(r)ψ(m), for any r ∈ R ⊗ A and any m ∈ E * ⊗ A. As in Lemma 2.10, for any A ∈ Art K the group exp(D 0 K (R, E * ) ⊗ m A ) is naturally isomorphic to the group of A-automorphisms of the pair (R ⊗ A, E * ⊗ A) lifting the identity on (R, E * ); therefore, it corresponds to the group of the isomorphisms of deformations. Global Case. Finally, we analyse all the infinitesimal deformations of a pair (X, F). Essentially, we have to glue together the computations about the locally trivial infinitesimal deformations (Theorem 7.5) and the deformations in the local case (Proposition 7.9).
Theorem 7.11. Let F be a coherent sheaf on a projective smooth variety X and E * → F a finite locally free resolution of F. Then, the coherent sheaf of DG-Lie algebras D * K (X, E * ) controls the problem of deformations of the pair (X, F). In particular, T 1 (X,F) is the tangent space and T 2 (X,F) is the obstructions space for Def (X,F) . Proof. The proof follows the general lines already used in [6] . According to Definition 6.6, we have to prove that for any affine open cover U = {U i } of X, there exists an isomorphism of functors of Artin rings Def Tot(U,D * K (X,E * )) → Def (X,F) . According to the isomorphism given in Equation (6.1), it is enough to show that there exists an isomorphism H 1 sc (exp(D * K (X, E * )(U))) → Def (X,F) . Therefore, for any A ∈ Art K , we have to prove that every element in Z 1 sc (exp(D * K (X, E * )(U)))(A) corresponds to an infinitesimal deformation of the pair (X, F) over A and that two elements are equivalent if and only if the corresponding deformations are isomorphic. This follows from the local study analysed in Proposition 7.9 and a gluing procedure as in Theorem 7.5. Indeed, an element (l, m) ∈ Z 1 sc (exp(D * K (X, E * )(U)))(A) gives a deformation of the pair (X, F) as gluing of deformations on each U i . We only stress the fact that the gluing condition on the isomorphisms involves an element in i,j,k Hom −1
OX (E * , E * )(U ijk ) ⊗ m A ; this is due to the fact that we do not have to glue the deformed complexes but rather their cohomology to get a sheaf (see [6, Section 2] for more details about this). As regards the equivalence relation ∼, the first condition is the isomorphism of the induced deformation on each open, the second condition gives the gluing of the local isomorphism to have a global isomorphism of the induced deformations.
More explicitly, an element (l, m) ∈ Z 1 sc (exp(D * K (X, E * )(U)))(A) is given by the sequences l = {l i } ∈ i Hom 1 OX (E * , E * )(U i )⊗m A and m = {(h ij , u ij )} ∈ i,j D 0 K (X, E * )(U ij )⊗ m A such that:
(1) for any i, the element l i satisfies the Maurer-Cartan equation, i.e., dl i + 1 2 [l i , l i ] = 0; (2) for any i and j, the restriction of l i and l j to U ij are gauge equivalent under m ij , i.e., l i | Uij = e mij * l j | Uij . (3) for any i, j and k, we have the following conditions:
for some n = {n ijk } ∈ i,j,k Hom
According to the local study, condition (1) and (2) imply that every l i defines a deformation of the pair (X, F) on U i and that the deformations induced by l i and l j on U ij are isomorphic. Finally, the third condition implies that we can glue together the local deformations to get a global deformation the pair (X, F) over A. Indeed, the former condition is the gluing of the locally trivial deformation of U i over the double intersections to have a deformation of X over A; the latter regards the gluing of the local deformations of the sheaf F. We only stress the fact that the isomorphisms that glues the restriction of the deformed complexes (E * Ui ⊗ A, d + l i ) and (E * Uj ⊗ A, d + l j ), for any i and j satisfy the cocycle condition only up to homotopy. Indeed, we do not have to glue the restriction of the deformed complexes of sheaves together but rather their cohomology. Therefore, the gluing isomorphism have to satisfy the cocycle condition only up to homotopy.
As regard the equivalence relation, suppose that (l 0 = {l 0,i }, m 0 = {(h 0,ij , u 0,ij )}) and (l 1 = {l 1,i }, m 1 = {(h 1,ij , u 1,ij )}) ∈ Z The first condition implies that the deformations of the pair induced by l 0 and l 1 are isomorphic locally on U i ; the second condition provides the gluing of the isomorphisms along double intersections. (We have a strict cocycle condition for the isomorphisms of the deformations of X and, as before, we have a homotopy cocycle condition for the gluing of the deformed complexes.) As regard the tangent and obstruction space for Def (X,F) , we have that H 1 (Tot(U, D
